Multiple radial solutions for a class of quasilinear elliptic problems  by He, Xiaoming
Applied Mathematics Letters 23 (2010) 110–114
Contents lists available at ScienceDirect
Applied Mathematics Letters
journal homepage: www.elsevier.com/locate/aml
Multiple radial solutions for a class of quasilinear elliptic problems
Xiaoming He
College of Science, Minzu University of China, Beijing 100081, PR China
a r t i c l e i n f o
Article history:
Received 9 April 2009
Received in revised form 27 August 2009
Accepted 31 August 2009
Keywords:
p-Laplacian
Positive solutions
Cones
Leggett–Williams fixed-point theorem
a b s t r a c t
In this note, we revisit a class of p-Laplacian boundary value problems. By means of
the Leggett–Williams fixed-point theorem, we establish the existence of at least three
positive radial solutions without the sublinear and superlinear growths imposed on the
nonlinearity, which improves themain results inMa (1996) [5], andMarcos do Ó andUbilla
(2003) [6].
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1. Introduction
Let us consider the quasilinear elliptic problem{−1pu = f (u) inΩ,
u > 0 inΩ,
u = 0 on ∂Ω,
(1.1)
whereΩ ⊂ RN is a ball of radius b, and where1pu = div(|∇u|p−2∇u) is the p-Laplacian with 1 < p < N , and the function
f : [0,+∞)→ [0,+∞) is a given continuous function with f (0) = 0.
In recent years, much attention has been paid to the existence of nontrivial solutions for the problems of type (1.1) with
concave–convex nonlinearities. To name a few, we refer the reader to [1–6]. Problem (1.1) includes the following problems
as special cases:{−1pu = λus + ur inΩ,
u > 0 inΩ,
u = 0 on ∂Ω.
(1.2)
Using a radial setting, a priori estimates and topological arguments, Ambrosetti et al. [2] prove that there is aΛ > 0 such
that there exist at least two positive solutions of (1.2) in the interval (0,Λ), where Ω is a ball and 0 < s < p − 1 < r <
p∗ = Np/(N − p), with p < N . For the global multiplicity result for (1.2) on a general bounded domain in the subcritical
case, see [4]. In [3,7], the critical case is considered, and the following restrictions are involved: 2N/(N + 2) < p < 3 or
p ≥ 3 and p− 1 > s > (p∗ + 1)− 2/(p− 1).
When p = 2, problem (1.2) reduces to{−1u = λus + ur inΩ,
u > 0 inΩ
u = 0 on ∂Ω,
(1.3)
where 0 < s < 1 < r ≤ (N + 2)/(N − 2).
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In [1], Ambrosetti et al. study problem (1.3) and prove that there exists a positive real constantΛ such that, forλ ∈ (0,Λ),
problem (1.3) has a solution by using subsolution as well as supersolution method. Using variational methods, a second
solution is found. In the case r > (N+2)/(N−2), andΩ is a ball, Ma [5] prove that problem (1.3) has two positive solutions
for λ > 0 small enough, by using fixed-point index techniques. Recently, Marcos do Ó and Ubilla [6] extend Ma’s work to
problem (1.1) with more general nonlinearity f , they establish the existence of two radial solutions, again by means of the
fixed-point index theory [8]. The precise result of Marcos do Ó and Ubilla is the following:
Theorem 1.1 ([6]). Suppose that the following assumptions are satisfied:
(H1) limt→0 f (t)tp−1 = +∞, and
(H2) limt→+∞ f (t)tp−1 = +∞,
(H3) f (R¯)/R¯p−1 < η = (p/(p − 1))p−1/bp, where R¯ is a point such that f (R¯) = max0<t≤R f (t), and R > 0 such that
f (R)
Rp−1 = mint>0 f (t)tp−1 ,
(H4) there exist increasing functions g1, g2 ∈ C([0,+∞), [0,+∞)) and positive constants δ, η with δ ∈ (0, 1), such that for
all t > 0,
g2(t) ≤ ηg1(δt),
g1(t) ≤ f (t) ≤ g2(t).
Then problem (1.1) has at least two radial solutions.
From conditions (H1), (H2), we see that the nonlinearity f is (p − 1)-sublinear at the origin, and (p − 1)-superlinear at
the infinity (see also [9]), which is a strong restrictive condition for the nonlinearity. Seeing such a fact, we cannot but ask
whether or not we can obtain more than two radial solutions for problem (1.1) without the combined effects of ‘‘sublinear’’
and ‘‘superlinear’’ growths imposed on f ? The purpose of this note is to revisit problems (1.1) and prove the existence of
at least three and even arbitrarily many radial solutions by using the Leggett–Williams fixed-point theorem. Thus give a
positive answer to the above question.
The note is divided into three sections, including this section. In Section 2 we present some preliminary results. Section 3
is devoted to the proofs of our main results.
2. Preliminary results
It is easy to see that the radial solutions of problem (1.1) correspond to the solutions u = u(r) of the ordinary equation−(r
N−1ϕp(u′))′ = rN−1f (u) in (0, b),
u > 0 in (0, b),
u(b) = u′(0) = 0,
(2.1)
where ϕp(s) = |s|p−2s. Taking the change of variable t = a(r), define z(t) = u(r(t)), where a : [0, b)→ [0,+∞) is given
by
a(r) = p− 1
N − p
(
r (p−N)/(p−1) − b(p−N)/(N−1)) .
We can rewrite (2.1) as [6]−(ϕp(z
′(t)))′ = r (N−1)p/(p−1)(t)f (z(t)) in (0,+∞),
z > 0 in (0,+∞),
z(b) = z ′(+∞) = 0.
(2.2)
Integrating (2.2) and using the boundary conditions we obtain
z(t) =
∫ t
0
(∫ +∞
s
G(τ )f (z(τ ))dτ
) 1
p−1
ds, (2.3)
where
G(τ ) =
(
b(p−N)/(p−1) + τ N − p
p− 1
)p(1−N)/(N−p)
. (2.4)
In order to obtain the existence of at least three radial solutions of (1.1).We shall use a fixed-point theoremdue to Leggett
and Williams, whose proof can be found in Guo and Lakshimikantham [8] or Leggett and Williams [10].
A map Ψ is a nonnegative continuous concave functional on the cone P if it satisfies the following conditions:
(i) Ψ : P → [0,+∞) is continuous;
(ii) Ψ (tx+ (1− t)y) ≥ tΨ (x)+ (1− t)Ψ (y) for all x, y ∈ P and 0 ≤ t ≤ 1.
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Let
Pc := {x ∈ P : ‖x‖ < c}
and
P (Ψ , a, b) := {x ∈ P : a ≤ Ψ (x), ‖x‖ ≤ b}.
Theorem 2.1 ([8,10]). Let P be a cone in the real Banach space E and let A : P¯c → P¯c be completely continuous and Ψ be a
nonnegative continuous concave functional on P with Ψ (x) ≤ ‖x‖ for all x ∈ P¯c . Suppose there exist 0 < a < b < d ≤ c such
that the following conditions hold:
(i) {x ∈ P (Ψ , b, d) : Ψ (x) > d} 6= ∅ and Ψ (Ax) > b for all x ∈ P (Ψ , b, d);
(ii) ‖Ax‖ < a for ‖x‖ < a;
(iii) Ψ (Ax) > b for x ∈ P (Ψ , b, c) with ‖Ax‖ > d.
Then A has at least three fixed points x1, x2, x3 in P¯c satisfying
‖x1‖ < a, Ψ (x2) > b, a < ‖x3‖ with Ψ (x3) < b.
We consider the Banach space
X := {z : [0,+∞)→ R : z is a bounded, continuous function}
endowed with the norm |z|∞ = sup{|z(t)| : t ∈ [0,+∞)}. Let the cone
P1 = {z ∈ X : z is non-negative, concave and z(0) = 0}.
Obviously, the elements of P1 are increasing functions. Define the operator
(Az)(t) :=
∫ t
0
(∫ +∞
s
G(τ )f (z(t))dτ
) 1
p−1
ds. (2.5)
Lemma 2.1 ([6]). A is well defined, A(P1) ⊂ P1 and A is a completely continuous operator.
It is known from [5,6], that for a given v ∈ P1, there exists a unique τ = τ(v) such that 2v(τ) = |v|∞. Define by
τ ∗ = sup{τ(A(z)) : z ∈ P1},
and the cone
P := {z ∈ P1 : 2 inf
t≥τ∗
z(t) ≥ |z|∞}.
Then τ ∗ is a positive real number and P is an invariant cone by A [6].
Now let the nonnegative continuous concave functional Ψ : P → [0,+∞) be defined by
Ψ (x) = min
t≥τ∗
x(t) = x(τ ∗), for x ∈ P . (2.6)
Note that for x ∈ P , we have Ψ (x) ≤ |x|∞.
3. Existence of three radial solutions
In this section we shall impose suitable growth conditions on f , and apply Theorem 2.1 to obtain multiple solutions for
problem (1.1).
For notational convenience, we denote by
m :=
(∫ +∞
0
(∫ +∞
s
G(τ )dτ
) 1
p−1
ds
)−1
, l :=
∫ τ∗
0
(∫ +∞
τ∗
G(τ )dτ
) 1
p−1
ds,
where G is defined in (2.4).
Theorem 3.1. Assume that there exist positive constants a, b, c, satisfying 0 < a < b < 2b ≤ c such that
(C1) f (w) < ϕq(ma), for w ∈ [0, a];
(C2) f (w) > ϕq(b/l), for w ∈ [b, 2b];
(C3) f (w) < ϕq(mc), for w ∈ [0, c],
where ϕq(s) = |s|s−2s, 1/p + 1/q = 1. Then problem (1.1) has at least three radial solutions u1(r) = z1(t), u2(r) = z2(t),
u3(r) = z3(t) satisfying
|z1|∞ < a, b < Ψ (z2), |z3|∞ > a with Ψ (z3) < b.
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Proof. Consider the operator A : P → X by
(Az)(t) :=
∫ t
0
(∫ +∞
s
G(τ )f (z(τ ))dτ
) 1
p−1
ds.
Note that for z ∈ P , A : P → P is completely continuous.
We now show that all of the conditions of Theorem 2.1 are satisfied. For all z ∈ P we have Ψ (z) ≤ |z|∞. If z ∈ P¯c , then
|z|∞ ≤ c and assumption (C3) implies f (z(t)) ≤ ϕq(mc) for t ≥ 0. As a result,
|Az|∞ = max
t∈[0,+∞)
|(Az)(t)|
= max
t∈[0,+∞)
∫ t
0
(∫ +∞
s
G(τ )f (z(τ ))dτ
) 1
p−1
ds
≤
∫ +∞
0
(∫ +∞
s
G(τ )f (z(τ ))dτ
) 1
p−1
ds
≤ mc ·
∫ +∞
0
(∫ +∞
s
G(τ )dτ
) 1
p−1
ds
= c.
Therefore, A : P¯c → P¯c . In the same way, if x ∈ Pa, then assumption (C1) yields f (z(t)) < ϕq(ma) for t ∈ [0,+∞); as in
the argument above, it follows that A : P¯a → P¯a. Hence, condition (ii) of Theorem 2.1 is satisfied.
To check condition (i) of Theorem 2.1, we choose z∗ as
z∗(t) =
{2b
τ ∗
t, t ∈ [0, τ ∗],
2b, t ∈ (τ ∗,+∞).
Then z∗ ∈ P (Ψ , b, 2b) and Ψ (z∗) = z∗(τ ∗) > b, so that {x ∈ P (Ψ , b, 2b) : Ψ (x) > b} 6= ∅. Consequently, if
z ∈ P (Ψ , b, 2b), then b ≤ z(t) ≤ 2b for t ∈ [τ ∗,+∞). From assumption (C2)we have that
f (z(t)) > ϕq(b/l) for t ∈ [τ ∗,+∞).
By the definition of Ψ and the cone P , we have
Ψ (Az) = min
t∈[τ∗,+∞)
(Az)(t) = (Az)(τ ∗)
=
∫ τ∗
0
(∫ +∞
s
G(τ )f (z(τ ))dτ
) 1
p−1
ds
≥
∫ τ∗
0
(∫ +∞
τ∗
G(τ )f (z(τ ))dτ
) 1
p−1
ds
>
b
l
·
∫ τ∗
0
(∫ +∞
τ∗
G(τ )dτ
) 1
p−1
ds
= b.
Hence,
Ψ (Az) > b, z ∈ P (Ψ , b, 2b),
which means that condition (i) of Theorem 2.1 holds.
Lastly we check Theorem 2.1(iii). Suppose z ∈ P (Ψ , b, c) with |Az|∞ > 2b. Then, using the definition of Ψ and the
concavity of (Az)(t), we see that
Ψ (Az) = min
t∈[τ∗,+∞)
(Az)(t)
≥ 1
2
|Az|∞
>
1
2
· 2b
= b.
This completes the proof. 
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From Theorem 3.1, we can obtain arbitrarily many positive radial solutions for problem (1.1) with some appropriate
growth conditions imposed on the nonlinearity f . Concretely speaking, we have the following assertion:
Corollary 3.2. Assume that there exist constants 0 < a1 < b1 < 2b1 < a2 < b2 < 2b2 < · · · < an, n ∈ N, such that the
following conditions are satisfied.
(D1) f (w) < ϕq(mai), for w ∈ [0, ai], i ∈ {1, 2, . . . , n}, and
(D2) f (w) > ϕq(bi/l), for w ∈ [bi, 2bi], i ∈ {1, 2, . . . , n− 1}.
Then problem (1.1) has at least 2n− 1 radial solutions.
Proof. When n = 1, it follows from condition (D1) that A : P¯a1 → P¯a1 . Then A has a fixed point z1 ∈ P¯a1 by the Schauder
fixed-point theorem. When n = 2, it is clear that Theorem 3.1 holds with c1 = a2, therefore, we can obtain at least three
solutions z1, z2 and z3 satisfying |z1|∞ < a, b < Ψ (z2), |z3|∞ > a with Ψ (z3) < b. Following this way, we finish the proof
by the induction method. 
Remark 3.3. FromTheorem3.1 andCorollary 3.2,we see that thenonlinearity f neednot satisfy a (p−1)-sublinear condition
at 0 and a (p − 1)-superlinear condition at +∞, which play a crucial role in [5,6]. So, the nonlinearity f is allowed to be
more general. Moreover, our results can guarantee the existence of more than three radial solutions for problem (1.1).
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